Recently, realistic lattice QCD calculations with 2+1 flavors of domain wall fermions and the Iwasaki gauge action have been performed by the RBC and UKQCD collaborations. Here, results for the bottomonium spectrum computed on their gauge configurations of size 24 3 ×64 with a lattice spacing of approximately 0.11 fm and four different values for the light quark mass are presented. Improved lattice NRQCD is used to treat the b quarks inside the bottomonium. The results for the radial and orbital energy splittings are found to be in good agreement with experimental measurements, indicating that systematic errors are small. The calculation of the Υ(2S) − Υ(1S) energy splitting provides an independent determination of the lattice spacing. For the most physical ensemble it is found to be a −1 = 1.740(25)(19) GeV, where the first error is statistical/fitting and the second error is an estimate of the systematic errors due to the lattice NRQCD action.
I. INTRODUCTION
Bottomonium mesons, the bound states of bottom quark-antiquark pairs, play an important role in the study of the strong interactions. The spectrum of bottomonium is known very well from experiment and there are many different approaches to calculating it theoretically. Lattice QCD provides a model-independent and accurate way of doing this.
One of the most important steps toward realistic lattice QCD calculations was the inclusion of dynamical light (u, d and s) sea quarks. For many quantities of phenomenological interest, lattice QCD now allows reliable non-perturbative calculations that were previously impossible. In order to further control systematic errors and increase the confidence in lattice results, it is crucial to consider several different lattice actions and thereby test universality.
The RBC and UKQCD collaborations have recently started large-scale lattice QCD calculations [1, 2, 3, 4, 5, 6] with dynamical domain wall fermions and renormalization-group-improved gauge actions. The domain wall fermion action [7, 8, 9] has an approximate chiral symmetry that becomes exact, even at finite lattice spacing, when the extent L s of the auxiliary fifth dimension is taken to infinity. This leads to better control over the renormalization of operators, a reduction of discretization errors and more reliable chiral extrapolations.
The gauge configurations created by the RBC and UKQCD collaborations have been made publicly available. In this work, the ensembles of size 24 3 ×64, L s = 16 described in detail in [4] were used to compute the spectrum of bottomonium. Chiral symmetry is not as im- * E-mail: S.Meinel@damtp.cam.ac.uk portant for bottomonium as it is for light hadrons, but the calculations presented here nevertheless provide useful tests of the recent lattice calculations by the RBC and UKQCD collaborations. In particular, they provide an independent determination of the lattice spacing and a good way of tuning the b quark mass. The value of the bare b quark mass obtained here can also be used in lattice QCD calculations for heavy-light hadrons such as B mesons, which are of considerable importance for the phenomenology of weak decays and tests of the Standard Model.
The b quark has a mass larger than the inverse lattice spacing, so that the standard lattice actions as used for light quarks are not suitable to describe it. A preliminary calculation of the bottomonium spectrum on the RBC/UKQCD gauge configurations using a relativistic heavy-quark action was presented in [10] . Here, improved non-relativistic QCD (NRQCD) [11, 12, 13] is employed instead, following closely the methods used in the calculation of the bottomonium spectrum on the MILC gauge configurations in [14] (these configurations use an improved staggered fermion action for the sea quarks and a one-loop Symanzik-improved gluon action).
The lattice calculation and analysis methods are described in detail in Sec. II. The results for the tuning of the b quark mass and tests of the dispersion relation are given in Sec. III A and III B, respectively. In Sec. III C, the results for the radial and orbital energy splittings as well as the lattice spacing are presented, followed by the fine and hyperfine structure in Sec. III D.
II. THE LATTICE CALCULATION A. Lattice actions and parameters
The details of the domain wall fermion and Iwasaki gauge actions as used by the RBC and UKQCD collab- orations are given in [1] . Here, the gauge configurations of size 24 3 × 64 as described in [4] were used. These have L s = 16, β = 2.13 and the strange quark mass is am s = 0.04. There are ensembles with four different values for the degenerate light (up and down) quark mass am l , as shown in Table I . The "measurements" in this work were started at the same molecular dynamics (MD) time as in [4] to ensure complete thermalization. Note however that the am l = 0.005 and am l = 0.01 ensembles have since been extended and the additional configurations were included here. Measurements were performed every 25 steps of MD time, as discussed further in Sec. II C 4.
The lattice NRQCD action for the b quark is the same as in the previous study of the bottomonium spectrum in [14] , with stability parameter n = 2. The full details of the action can be found in e.g. [15] . After the initial tuning, which will be described in Sec. III, the bare b quark mass was set to am b = 2.536.
All couplings in the NRQCD action are set to their tree-level values, but the action is tadpole-improved [16] , which accounts for a large amount of the renormalization. The mean link in Landau gauge u 0L is used as the tadpole improvement parameter; the values of u 0L for the different ensembles are listed in Table I .
The NRQCD action in use includes relativistic correction terms up to order O(v 4 ) where v is the internal speed of the b quarks inside the meson. For bottomonium, one has v 4 ≈ 0.01. The action is also tree-level Symanzik improved. Systematic errors depend strongly on the observable under consideration, and will be discussed individually in Sec. III. However, finite-volume errors are expected to be negligible in all cases due to the small size of the bottomonium mesons.
B. Calculation of the meson two-point functions
As in [13] , the heavy-heavy meson correlators with momentum p were computed from
where t > t ′ and
In Eqs.
(1) and (2) , which are understood to be for a single gauge configuration, G denotes the heavy-quark propagator which is 2 × 2 matrix-valued in spinor space and 3 × 3 matrix-valued in color space. The functions Γ sc/sk are the "smearing functions" at source and sink, respectively, which are also 2 × 2 matrix-valued in spinor space. No gauge links were included in Γ sc/sk ; instead the gauge configurations were fixed to Coulomb gauge. In Table II the bottomonium states considered in this work are listed, together with their continuum quantum numbers, smearing functions Γ(r) and representations of the octahedral group [17] . As can be seen in the table, all representations are chosen to be different, so that no mixing is expected here. The radial functions φ nS (r), φ nP (r) and φ nD (r) for the n-th radially excited S-wave (L = 0), P -wave (L = 1) and D-wave (L = 2) states were taken from the corresponding hydrogen atom wave functions and are given in Table III . The same lattice representations were used at source and sink but the radial smearing functions were allowed to be different. The smearing parameters r 0 (in lattice units) were set to 1.0 (1S), 0.8 (2S), 0.6 (3S), 0.5 (1P ), 0.4 (2P ) and 0.5 (1D), respectively.
Note thatG in Eq. (2) can be computed efficiently by using the function
as the initial condition in the heavy quark evolution equation. For some states it is computationally more convenient to remove the Pauli matrix in Γ sc in the initial condition, and instead including it explicitly in the trace in Eq. (1). In this way, different spin directions can be obtained with a singleG.
Finally, note that on a finite lattice, the smearing functions must satisfy the periodic boundary conditions. This was ensured by setting the smearing functions to zero outside a ball with radius R smaller than half the spatial lattice dimension. In this way, the wrapping around the lattice boundaries does not cause any problems. Since the smearing functions decay exponentially with the separation between quark and antiquark, R can be chosen such that the important features remain. To ensure symmetry, the same cut-off radius must be taken at source and sink.
In order to increase statistics, the correlators (1) were averaged over eight different spatial origins x ′ 1 located at the corners of a cube with side length L/2 = 12. In addition, four different source time slices t ′ with an equal spacing of 16 were used, thus leading to a total of 32 origins per configuration. Furthermore, the locations of the origins on the lattice were shifted randomly from configuration to configuration in order to decrease autocorrelations.
C. Fitting and analysis details
Bayesian multi-exponential fitting
After choosing a set of smearing functions Γ(r) with equal lattice representations but different radial functions (e.g. 1S, 2S and 3S), the square matrix of correlators obtained by taking all combinations for source and sink was computed.
The matrix of correlators C(Γ sk , Γ sc , p, t − t ′ ) was simultaneously fitted by a function of the form
where E n is the energy of n-th state and A n (Γ) is the (real) amplitude for this state to be created by the operator with smearing function Γ(r).
To ensure the correct ordering of the states in terms of their energy, the fit parameters were actually chosen to be the logarithms of the energy differences between neighboring states (in lattice units)
and the logarithm of the ground state energy, ln(E 0 ). Furthermore, the amplitudes for the excited states were written as
taking the relative amplitudes A ′ n (Γ) (for n ≥ 1) and the ground state amplitude A 0 (Γ) as the fit parameters.
The Bayesian fitting method described in [18] was used, where the χ 2 function is augmented by
with the Gaussian prior
Here,
, ln(E n+1 − E n )} are the fitting parameters, and the prior for each parameter p i is given by its central valuep i and width σp i .
The Bayesian method allows the inclusion of an arbitrary number of exponentials n exp in (4) and hence the fitting in the full range of Euclidean time t − t ′ between source and sink. Here, only the points with t − t ′ = 0 were excluded in the fits. The number of exponentials is increased until the fit results and error estimates become independent of n exp . This is demonstrated in Fig. 1 .
In the following discussion of the prior choices {p i , σp i } we will distinguish between parameters for low-lying and high-lying states. For example, in a 3 × 3 matrix fit containing sources optimized for the Υ(1S), Υ(2S) and Υ(3S) states, these three states will be referred to as low-lying, as their energies and amplitudes will be welldetermined by the data, while higher excitations will be referred to as high-lying.
The prior widths for the parameters of the low-lying states were chosen to be about 10 times larger than the resulting error estimates from the fit. This ensures that the influence of the priors on these parameters is negligible. Initial guesses for the central values were obtained from unconstrained fits including only a small number of exponentials at large Euclidean time. For the high-lying states, the priors for the logarithms of the energy-splittings between successive states, ln(E n+1 − E n ), were set to −1.4 (corresponding to about 400 MeV) with a width of 1. The priors for the relative amplitudes A ′ n (Γ) of the high-lying states were set to zero with a width of 5.
NRQCD energy shift
Due to the use of lattice NRQCD, where the heavy quark mass has been integrated out of the action, all energies obtained from the fits are shifted,
where C is approximately equal to the heavy quark mass. Since C is the same for all states, energy splittings are unaffected by this shift.
The physical mass of a meson (and hence C) can be calculated from the energy difference between its states with p = 0 and p = 0. Assuming the relativistic continuum dispersion relation
we obtain the kinetic mass
With the improved lattice actions used in this work, the continuum dispersion relation (10) was found to be an excellent approximation for bottomonium at small lattice momenta p. This will be demonstrated in Sec. III B.
Bootstrap method
When computing quantities that depend on more than one fit result, such as the kinetic mass (11) or an energy splitting obtained from independent fits, correlations between the different fit results must be taken into account. In this work, the bootstrap method was employed to achieve this. Note however that it must be modified for Bayesian fitting [18] so that not only the data sets are resampled randomly but also the central valuesp i of the priors in (8) are drawn from Gaussian random distributions with widths σp i for every fit.
The final quantity of interest is then computed for the bootstrap ensemble of fit results, giving an approximate probability distribution. In the end, the mean value and the 68% width of this distribution are quoted.
The bootstrap method was in fact not only used for quantities depending on more than one fit parameter but also to obtain the error estimates for individual fit parameters. The number of bootstrap samples was taken to be 500.
Autocorrelations
The integrated autocorrelation time τ int for the 12th time slice of the pion correlator on the am l = 0.005 ensemble was found to be 10 to 15 steps of molecular dynamics (MD) time in [4] . Therefore only gauge configurations separated by 25 steps, which is approximately equal to 2τ int , were used here. However, the autocorrelation time depends on the observable. The measurements in this work were checked for residual autocorrelations using the binning method.
Recall from Sec. II B that on each gauge configuration meson correlators from 32 origins (8 origins on 4 source time slices each) were computed. The data was always averaged over the 8 origins on each source time slice, thus leaving 4 data samples per configuration.
To estimate the autocorrelations between the different gauge configurations, the data was also averaged over the 4 source time slices prior to the binning. Note that the measurements already had an initial separation of 25 steps in MD time, and hence the binning increases this to integer multiples of 25.
Of course the binning reduces the number of data samples available for the fit. To obtain a reliable estimate of the data covariance matrix (see e.g. [18] ), the number of data samples should be much larger than the dimension of this matrix. Thus, in the analysis of autocorrelations, fits with only one smearing at source and sink and a small fitting range, corresponding to a small data covariance matrix, were considered.
No significant increases in the bootstrap errors were seen for any of the ensembles, indicating that the separation of 25 steps of MD time gives sufficiently independent measurements. Note that the origins of the meson correlators were shifted randomly between gauge configurations.
Next, tests for autocorrelations between the data samples from the four different source time slices were performed. To this end the data was averaged into bins of 2 or 4 time slices, without additional binning over gauge configurations. Here, in some cases a slight increase in the bootstrap errors was seen, at most 20%. Thus, for the measurements in the remainder of this work the following conventions were used: on the am l = 0.005 and am l = 0.01 ensembles all 4 source time slices were binned together, except for the 3 × 3 matrix correlator in the determination of the Υ(3S) energy. For the latter no binning over source time slices was done; instead the error estimates from the fits were corrected by 20% upwards to be safe. For the am l = 0.02 and am l = 0.03 ensembles, which have about four times fewer configurations, the Υ(3S) state was not computed. There, for the 2 × 2 matrix correlators no binning over source time slices was performed, again increasing the error estimates by 20% upwards instead. For the D-wave correlators, only the 1D smearing function was included in the fits. Thus, the data covariance matrix was small and binning over all 4 source time slices was used.
III. RESULTS

A. Tuning the bare b quark mass
The bare b quark mass, which is a free parameter in the NRQCD action, was tuned non-perturbatively. It was adjusted such that the kinetic mass of the η b (1S) meson as calculated on the lattice matches the experimental value of 9.389(5) GeV [19] . The tuning was done on the most chiral (am l = 0.005) ensemble of gauge configurations.
The kinetic mass was computed from (11) , where the smallest possible lattice momentum a|p| = 1 · 2π/L was used. As shown in the next section, the kinetic mass is very stable and shows no significant dependence on p even for much larger momenta. In order to increase statistics the results were averaged over the different possibilities for the direction of p.
The comparison with experiment of course requires the knowledge of the lattice spacing, which was determined as the ratio of the experimentally measured Υ(2S) − Υ(1S) mass splitting, 0.56296(40) GeV [20] , to the dimensionless lattice result. This will be discussed in more detail in Sec. III C.
The lattice results for aM kin and the Υ(2S) − Υ(1S) splitting at the three different bare quark masses am b = 2.30, 2.45 and 2.60 are shown in Table IV . As can be seen, the Υ(2S) − Υ(1S) splitting is very insensitive to the value of the b quark mass. It is also expected to have much smaller lattice discretization errors than the 1P − 1S splitting as discussed in the next section.
It was found that in the range considered here, the dependence of the kinetic mass on the bare heavy quark mass is described very well by the linear relation
A plot of aM kin as a function of am b is shown in Fig. 2 . 
To obtain a first result for the lattice spacing of the am l = 0.005 ensemble, the Υ(2S) − Υ(1S) mass splitting at am b = 2.45 was used, giving a −1 = 1.736(25) GeV (the error is statistical/fitting only). Of course the b quark mass was not yet tuned, but given the relative independence of the Υ(2S) − Υ(1S) splitting on m b , the value of am b = 2.45 was sufficiently close to the physical value. The final results for the lattice spacing obtained with the correct b quark mass will be presented in Sec. III C.
Using the preliminary result for a −1 , it follows that the η b (1S) mass in lattice units must be tuned to be aM kin = 5.407(77). Inserting this into (12) The error quoted here is statistical/fitting only and is dominated by the uncertainty in the lattice result for the Υ(2S) − Υ(1S) splitting. All remaining calculations were actually performed with am b = 2.536. This was an earlier result and the fits have been improved slightly since then. However it is still inside the range of the new value (14) .
For am b = 2.536 the results were aM kin = 5.449(13) and a −1 = 1.740 (25) GeV. This gives M kin = 9.48(14) GeV which is compatible with the experimental result of 9.389(5) GeV, confirming the successful tuning of the heavy quark mass.
Note that the lattice NRQCD action can be used for both heavy-heavy mesons and heavy-light hadrons. Thus, the result for the bare b quark mass obtained here will be useful also in future calculations for heavy-light hadrons.
B. Speed of light
In order to examine how well the lattice data approximates the relativistic continuum dispersion relation (10), the kinetic mass of the η b (1S) meson, defined by (11), was also computed for larger lattice momenta ap = n · 2π/L up to n 2 = 12. For these calculations, the local smearing function Γ(r) = δ r,0 was used at source and sink so that multiple lattice momenta can be obtained with little computational cost. For each value of n 2 , the results were averaged over the possible directions of the vector n, and all components of n were chosen to be less than or equal to 2.
The results are given in Table V , where also the NRQCD energy shift, calculated as
and for n 2 > 1 the square of the "speed of light"
are shown. In Eq. (16), M kin,1 denotes the kinetic mass calculated with n 2 = 1. In the units used here, one should have c 2 = 1. Deviations of c 2 from 1 can be caused by discretization errors in the NRQCD, gluon and sea quark actions and also by missing higher order relativistic corrections in the NRQCD action. The NRQCD action is highly improved at tree level, and so the most significant errors one expects here are those caused by missing radiative corrections.
As can be seen in the table, in the momentum range considered here the kinetic mass shows no significant dependence on p within the small statistical/fitting errors. Correspondingly, c 2 remains compatible with 1, with statistical/fitting errors less than 0.5%, indicating that the effect of the errors mentioned above is small.
Analogous calculations for the Υ(1S) meson have been performed in [14] with the same NRQCD action but with the Lüscher-Weisz gluon and the AsqTad sea quark action. There, the deviation of c 2 from 1 in the same momentum range was also found to be compatible with 1 within statistical errors of less than 1%.
C. Radial/orbital splittings and the lattice spacing
The lattice results for the various radial and orbital energy splittings are listed in Table VI. Systematic errors are known to be smallest for the spinaveraged masses, defined as
However, in most cases not all of the states entering Eq. (17) are known from experiment. For the 1S, 2S and 3S masses in this section the J = 1 states (Υ) are considered instead of the spin-averages. Note that the J = 0 S-wave states (η b ) enter the spin-averaged masses only with a weight of 1/4, and so the influence of systematic errors in the hyperfine splittings is negligible here. For the 1P and 2P masses, the spin-averages over the χ b triplet (J = 0, 1, 2) states are used. The only experimentally known D-wave state [21] is Υ 2 (1D) with J = 2, and this state is therefore considered here. In terms of the NRQCD power counting [12] , radial and orbital energy splittings are of order O(v 2 ), where v is the internal speed of the b quarks inside the heavyheavy meson. For bottomonium one has v 2 ≈ 0.1. The NRQCD action in use includes all relativistic corrections of order O(v 4 ) (at tree-level), and hence the missing relativistic corrections are of order O(v 6 ). Naively this leads to relativistic errors for the radial and orbital splittings of O(v 4 ) = 1%. However, as discussed in [14] , for energy splittings one has to consider the difference between the expectation values of the missing operators for the two states. This leads to a reduction of the relativistic errors for the 2S − 1S splitting to about 0.5%.
Additional systematic errors for the NRQCD action are due to discretization errors and missing radiative cor- rections (beyond tadpole improvement). Estimates of these errors for the 2S − 1S and 1P − 1S splittings are given in Table VIII . They are taken to be equal to the estimates obtained in [14] for exactly the same lattice NRQCD action on the "coarse" MILC gauge configurations, which have a lattice spacing (a −1 ≈ 1.6 GeV) very similar to the ensembles considered here. The reader is referred to [14] and [22] for the details. As can be seen in the table, systematic errors are much smaller for the 2S −1S splitting compared to the 1P −1S splitting. This is due to the smaller difference in the wave functions for the 2S and 1S states. The 2S − 1S splitting thus allows a more reliable determination of the lattice spacing.
Note that there are also discretization errors due to the gluon and sea quark actions. These are difficult to quantify at this stage as only data from one lattice spacing is available. Gauge configurations with a smaller lattice spacing are currently being generated by the RBC and UKQCD collaborations so that a more systematic analysis will become possible in the future. In [4] , a preliminary error estimate of (aΛ QCD ) 2 ≈ 4% for the calculations of light hadron properties on the current ensembles was given. The calculations performed here are different in that the domain wall action only enters via the sea quarks. The Iwasaki gluon action [23, 24] is renormalization-group-improved and is therefore expected to have a better scaling behavior than the unimproved Wilson action. However, this depends on the observable considered; see e.g. [25] for a scaling study of the critical temperature and glueball masses. The stability of the "speed of light" demonstrated in Sec. III B provides some evidence for the smallness of the effect of gluon discretization errors for bottomonium.
For reference, the discretization errors in the 2S − 1S and 1P −1S splittings on the coarse MILC lattices due to the Lüscher-Weisz gluon action were estimated in [14] to be 0.5% and 1.7%, respectively. These errors are proportional to the difference in the square of the wave function at the origin, which is smaller between the 2S and 1S states.
The results for the inverse lattice spacings of the four ensembles from both the Υ(2S) − Υ(1S) and the χ b (1P ) − Υ(1S) splittings are listed in Table VII . For the most chiral ensemble the 2S − 1S splitting gives a −1 = 1.740(25) stat (19) syst GeV. No significant dependence on the sea quark mass can be seen within the statistical errors, and therefore no extrapolation was attempted. For comparison, the RBC and UKQCD collaborations have obtained a −1 = 1.729(28) stat in the chiral limit, using the Ω − baryon mass [4] . This is consistent with the results obtained here.
Next, the lattice spacing determinations from the 2S − 1S splitting were used to convert the other radial and orbital splittings from Table VI to physical units. The results are plotted in Fig. 3 . Note that the individual results for the lattice spacings of the different ensembles were used.
Overall, good agreement with experiment is seen. The dependence on the light sea quark mass is found to be weak. This is expected since the typical gluon momenta inside the bottomonium are much larger than all the values for the light quark masses used here. However, note that large deviations between lattice results and experiment were previously seen in quenched simulations (n f = 0), so the inclusion of 2+1 flavors of dynamical light quarks is in fact very important. A comparison between quenched and unquenched results can be found in [26] .
D. Spin-dependent energy splittings
The spin-dependent energy splittings in bottomonium, i.e. the fine and hyperfine structure, are of order O(v 4 ) and hence any sub-leading corrections are missing in the NRQCD action used here. Therefore, the relativistic errors in these splittings are expected to be of order O(v 2 ) ≈ 10%. The spin-dependent energy splittings also receive radiative corrections of order O(α s ), the strong coupling constant at the scale set by the lattice spacing. This leads to further systematic errors of the order of 20%, although tadpole improvement reduces the problem. Finally, discretization errors are also expected to be larger than for the radial and orbital splittings, especially for the S-wave hyperfine splitting as discussed below.
The results for the spin-dependent energy splittings in lattice units are summarized in Table IX , where the errors given are statistical/fitting only.
1. S-wave hyperfine structure were used to convert to physical units.
The errors shown are statistical/fitting only but include the uncertainty in the determination of the lattice spacing. The latter in fact enters with a factor of 2 here, as discussed in [22] , due to the resulting uncertainty in the physical heavy quark mass (the hyperfine splitting is approximately proportional to the inverse of that mass). The statistical error in the 1S hyperfine splitting is then dominated by far by this uncertainty, while the 2S hyperfine splitting has an intrinsically higher statistical error as the state is radially excited.
The Υ(1S) − η b (1S) splitting has recently been measured by the BABAR collaboration [19] , who found 71.4 +2.3 −3.1 (stat) ± 2.7(syst) MeV. This value is indicated in Fig. 4 . The lattice result in physical units for the am l = 0.005 ensemble is 52.5 ± 1.5(stat) MeV, which is too small by about 25%, in line with the large systematic errors expected. Similarly to the radial and orbital splittings, little dependence on the light sea quark mass is seen, which is expected for the same reason as discussed there.
Note that in [14] and [22] a significant dependence on the lattice spacing was found, with the result increasing toward finer lattices, indicating that a substantial part of the deviation is due to discretization errors. The hyperfine splitting is indeed expected to be sensitive to very short distances, as the spin-spin interaction potentials in simple models contain a delta function at the origin (see e.g. [27] ).
Finally, note that in [10] , where a relativistic heavyquark action was used, the Υ(1S) − η b (1S) splitting on the same RBC/UKQCD gauge configurations was found to be only 23.7 ± 3.7(stat) MeV, a much larger deviation to experiment than found here. 
P -wave spin-dependent splittings
A plot of the 1P spin-dependent splittings, converted to physical units using the previous 2S − 1S lattice spacing results, is given in Fig. 5 .
It shows the energy differences of the χ b0 (1P ), χ b1 (1P ), χ b2 (1P ) and h b (1P ) states to the spin-average of the triplet χ b (1P ) . The experimental results [20] for the triplet states are also indicated in the plot; the h b states have not yet been observed.
The lattice results are found to be in relatively good agreement with experiment, even within the purely statistical/fitting errors shown in the plot (those include the uncertainty in the lattice spacing). This indicates that discretization errors may be smaller than for the S-wave hyperfine splittings. Note that in simple potential models the wave function at the origin is zero (cf. the smearing functions in Table II ) and hence the P -wave spin splittings are expected to be not as sensitive to very short distances as the S-wave hyperfine splittings.
The result for the experimentally unknown h b (1P ) − χ b (1P ) splitting on the am l = 0.005 ensemble is −4.5± 3.1 MeV, where the error quoted is statistical/fitting only and includes the uncertainty from the determination of the lattice spacing.
D-wave spin-dependent splittings
Here, only the Υ 2 (1D) − η b (1D) splitting was calculated using the E −− and T
−+ 2
representations, as these two states do not mix and can be computed from the same heavy-quark propagators.
The lattice results for the different ensembles are listed in Table IX . On the am l = 0.005 ensemble, the splitting in physical units is found to be 1.8 ± 3.7 MeV where the error given is statistical/fitting only and includes the uncertainty from the determination of the lattice spacing. No experimental results are available.
IV. CONCLUSION
In this paper, a comprehensive calculation of the bottomonium spectrum with improved lattice NRQCD on the RBC/UKQCD 24 3 × 64, L s = 16 gauge configurations with 2+1 flavors of dynamical domain wall fermions was presented. The results are similar to those obtained in [14] with the same heavy-quark action from the "coarse" MILC gauge configurations, which use the AsqTad fermion action and the Lüscher-Weisz gluon action. In particular, good agreement with experiment was found for the radial and orbital energy splittings, for which systematic errors due to the NRQCD action are small. Furthermore, no significant deviations of the "speed of light" from 1 in the η b (1S) dispersion relation were found within the small statistical errors. The calculations in this work provide further evidence for the good properties of the domain wall and Iwasaki actions employed by the RBC and UKQCD collaborations. By comparing the 2S − 1S radial energy splitting to experiment, independent determinations of the lattice spacings were performed, giving a −1 = 1.740 (25) stat (19) syst GeV for the most chiral ensemble.
The results for the fine and hyperfine structure are expected to have larger systematic errors due to missing radiative and relativistic corrections in the NRQCD action as well as discretization errors. Nevertheless, relatively good agreement with experiment was seen for the P -wave fine structure, and the deviation to experiment in the 1S hyperfine splitting was found to be much smaller than for the previous result obtained from a relativistic heavy quark action in [10] .
The calculations presented here are only for one lattice spacing. A more systematic analysis of discretization errors will be performed once new ensembles with a finer lattice spacing are made available by the RBC and UKQCD collaborations.
Having obtained the bottomonium spectrum and the bare heavy quark mass in this work, the next step is to perform calculations for heavy-light systems. Results for the spectrum of heavy-light baryons and mesons with domain wall valence quarks but with static heavy quarks were recently presented in [28] . Heavy-light computations with NRQCD heavy-and domain wall light valence quarks on the same RBC/UKQCD gauge field ensembles are currently underway.
